We study the topological content of the SU(3) vacuum using the renormalization group (RG) mapping method. RG mapping is a simple smoothing algorithm, in which a series of APE-smearing steps are done while the topological content of the configuration is carefully monitored. This monitoring process makes it possible to separate true topological objects from vacuum fluctuations and allows an extrapolation to zero smearing steps. Using RG mapping we have measured the instanton distribution and topological susceptibility for SU(3) gauge theory. We arrive at a value for the topological susceptibily, χ 1/4 of 203(5) MeV. The size distribution peaks at ρ = 0.3fm, and is in good agreement with the prediction of instanton liquid models.
Introduction
Instantons play an essential role in the QCD vacuum. In addition to explaining the U(1) problem [1, 2] , there is growing evidence both from phenomenological models [3, 4] and lattice simulations [5, 6 ] that they play a major role in chiral symmetry breaking and the low energy hadron spectrum.
Phenomenological instanton liquid models (ILM) describe the propagation of quarks in the instanton vacuum as hopping from instanton to instanton. This "hopping propagation" can happen only if the vacuum is filled with instantons and anti-instantons that overlap and provide a continuous path for the propagation. To understand if such a path is formed one has to determine the location and size distribution of instantons in the vacuum.
Over the last few years we have developed several methods, all based on renormalization group transformations, to study the vacuum of gauge theories [7, 8, 9] . Until now we applied these methods to SU(2) gauge theories. Our results for SU (2) gauge theory indicate that while the instantons of the vacuum do not form a dense liquid, they do form some kind of percolating liquid that is sufficient for the hopping propagation [8, 9] . We also studied the role of topology by extracting the location and size of the individual instantons of the vacuum and built artificial configurations that contained only the instantons of the vacuum but none of the vacuum fluctuations or other topological objects [6] . On these smooth instanton configurations we found evidence for chiral symmetry breaking supporting the ILM picture. This paper is the first in a series where we attempt to understand the role of instantons in the more realistic SU(3) vacuum. Here we concentrate on the properties of the instantons. By generalizing the RG mapping method we developed for the SU(2) model, we measure the topological charge and also extract the location and size of individual topological objects of the vacuum configurations. The RG mapping method is a simple and fast procedure. It is based on renormalization group methods but at the end it is only a series of APE smering steps. What distinguishes it from other algorithms is that we carefully monitor the change of the configurations while doing as few smearing steps as possible, and extrapolate back to zero smearing. With that we can minimize the effect of the smearing procedure while use the smoothing effect to get rid of the vacuum fluctuations. We find for the topological susceptibility the value χ 1/4 = 203(5)MeV, in agreement with recently published calculations [10, 11, 12, 13] . However, our instanton size distribution is quite different form the published results. We find that the instanton distribution peaks at around ρ = 0.3fm. This value is significantly smaller than those of Ref. [10, 11] but in excellent agreement with the ILM predictions [14] . Our results for the density of the instantons in the vacuum is also in agreement with phenomenological expectations. We found the density to be about 1.1fm −4 .
The rest of this paper is organized as follows. In Chapter 2 we will discuss the RG mapping method and demonstrate why it is necessary to monitor the instantons during the smearing procedure. Chapter 3 is our results for the topological susceptibility and instanton size distribution. Chapter 4 is the summary.
RG mapping
Instantons carry only a few percent of the total action of typical Monte Carlo configurations -they are hidden by the vacuum fluctuations. The goal of any method designed to reveal the vacuum structure is to reduce the short range quantum fluctuations in the gauge fields while preserving the topological content of the vacuum.
The method of inverse blocking [15, 16, 7] is one of the theoretically best supported smoothing algorithms. For any coarse lattice the inverse block transformation finds the smoothest lattice with half the lattice spacing and twice the lattice size that blocks back into the original lattice, and consequently has the same topological structure as the original lattice. In Ref. [7] we have used the inverse blocking method to calculate the topological susceptibility of the SU (2) vacuum. Unfortunately inverse blocking requires an extensive amount of computer resources and cannot be used repeatedly due to rapidly increasing memory requirements. Therefore we could not use inverse blocking to measure the instanton size distribution of the vacuum or do a reliable scaling test for the susceptibility by going to smaller lattice spacing and larger lattices.
The method of RG cycling [8] combines the inverse blocking with an additional blocking step that makes it possible to apply it repeatedly until the gauge configuration becomes sufficiently smooth. That way it is possible to reveal the instanton size distribution of the vacuum, but because RG cycling still contains an inverse blocking step, it is also computer intensive and cannot be used on large lattices.
Our next method, RG mapping, was designed to mimic the inverse-blockingblocking sequence of the RG cycling without actually performing the inverse blocking step. In Ref. [9] the RG cycling transformation for SU (2) was fitted to a simple transformation where each link is replaced by an APE-smeared link [17] 
with X µ (x) projected back onto SU (2). The best fit between a RG cycled lattice and a smeared lattice was obtained by chosing c = 0.45 and performing two smearing steps. This transformation reduces the short range fluctuations effectively and reproduces the result of RG cycling at least for instantons that are larger than about 1.5 lattice spacing, yet the computer resources that it uses are insignificant compared to those required for RG cycling.
While for SU (2) we adjusted the parameters of the RG mapping method to match one RG cycling step, the exact correspondence is really not necessary as long as the evolution of the configuration is monitored. Nevertheless we decided to use the same smearing parameter c = 0.45 for the present SU(3) study. We found that with that choice 15-30 smearing steps were necessary to reveal the vacuum structure of the configurations.
The effect of RG mapping on instantons
During RG mapping, just like during RG cycling, the charge density profile (i.e. instanton size) changes slowly and usually monotonically. Over several smearing steps these changes can be significant requiring a careful monitoring of the configuration as it is smoothed. Since we are interested in the the topological content of the original and not the smoothed configurations, an extrapolation to zero smoothing steps must be done. Fortunately the location of the instantons are fairly stable and monitoring of the instantons can be done straightforwardly. 4 configuration has a total charge of Q = 4. We followed the evolution of the instantons between 6 and 24 smearings with smearing parameter c = 0.45, and than again between 40 and 48 steps, to study their behavior after a large number of smearing steps. A total of five stable objects were found on this configuration, four instantons and one anti-instanton. The location of each of the identified objects was stable, it changed by no more than one lattice units in any of the coordinates of the lattice. Figure 1 shows the sizes of these objects as the configuration is smeared. The solid lines are linear extrapolations based on smearing steps 16 to 24. The slopes of all the extrapolations are less than 0.03, except for the anti-instanton, which changes more rapidly. The linear extrapolations match the evolution out to large smearing steps for three out of the five objects. Since the total charge on this configuration is Q = 4, the instanton finding algorithm either missed an instanton or the anti-instanton is not there, it is only a miss-identified vacuum fluctuation. The latter option is supported by the fact that the anti-instanton changes more rapidly than the instantons of the configuration.
Results

Parameters of the Simulation
We have used Wilson action at couplings β = 5.85, 6.0 and 6.1. The parameters of the simulations are given in Table 1 . The configurations were separated by 150 sweeps and all of the lattices are periodic. The lattice spacings in Table 1 were calculated using the results for the r 0 parameter and the parametrization of the string tension of Ref. [18] . Since the string tension in [18] is set at √ σ = 465MeV, about 5% higher than the customary √ σ = 440MeV value, our lattice spacings are somewhat smaller than in other works. 
The Topological Susceptibility
We have used the FP algebraic operator developed for SU(2) in [8] to measure the topological charge. The operator usually gave an integer value within a few percent after 12 APE smearing steps and remained stable during the smoothing process. Occasionally it started to change rapidly settling at a different integer value after a few smearing steps. This change describes the disappearance of an instanton from the lattice. We have seen that phenomena in SU(2) as well. The charge for SU(3) was generally more stable under smoothing than for SU (2) . This is probably due to the suppression of very small instantons in SU(3) as we will discuss in the next section.
We have monitored the change of the topological charge under smoothing carefully. The charge was measured every two APE steps for each configuration between smoothing steps 12 and 24 for the β = 5.85 and the 12 4 β = 6.0 configurations, between 16 and 28 steps for the 16 4 β = 6.0 configurations, and 20 and 32 steps for the β = 6.1 configurations. Fig. 2 shows the average value of the charge squared < Q 2 > versus the number of smearing steps. Since the susceptibility is stable, there is no reason to extrapolate back to zero smearing steps. Table 2 contains the results for < Q 2 > and χ 1/4 . The given errors in χ 1/4 are due to the statistical error of < Q 2 >. The errors due to the uncertainty in the lattice spacing are negligible.
The susceptibility increases by about 5% from β = 5.85 to β = 6.0 but stabilizes at higher values of β. This difference can be atributed to the lack of small instantons at β = 5.85 due to the larger lattice spacing. The β = 6.0, 12 4 lattices likely show a small finite volume effect. We arrive at a value for the χ 1/4 of 203 (5)MeV. Before we compare our results with those from other work, we should first note the string tension value we used is higher than the standard value by about 5%. Had we used the customary √ σ = 440MeV value, we'd obtained χ 1/4 = 192(5)MeV, in complete agreement with the results from Ref. [10, 11, 12] . 
The Instanton Size Distribution
We have identified instantons every 2 APE-smearing steps between 16 and 32 smearing steps with parameter c=0.45. The identification of the instantons and the measurement of their sizes was done in the same manner as in Ref. [8] , and the instanton sizes were extrapolated back to zero smearing steps. The reason for monitoring instantons is twofold. First, instantons change, usually grow during the smearing process, as we illustrated in Sect. 2.1. The other reason is that monitoring helps distinguish true topological objects from vacuum fluctuations. In Figure 3 , we plot the size distribution of instantons after 12 and 24 smearing steps at β = 6.0. The peak of the distribution changes from 0.34fm to 0.40fm as we perform the additional 12 smearing steps and the shape of the distribution also changes. The number of objects found decreases by about 50%, and distribution develops a tail at larger ρ values. The development of the tail in the distribution is consistent with the observation that the size of the instantons grow with the smearing steps. The decrease in the number of objects signals that on the 12 times smeared lattice we identified many fluctuations as topological objects. In fact, even after 24 smearing steps the instantons density is still 2.9fm 4 , close to three times larger than the phenomenologically expected value. That indicates that even after 24 smearing steps we still have a lot of "spurious instantons". To counter this we only identify an object as an instanton or anti-instanton if it appears to be stable over several smearing steps. To call an object stable we require not only that its location is stable during smoothing but also that its size does not change too fast. We approximate the change of the size linearly and if the slope of the linear fit is above some cut-off, the object is rejected. We choose this cut-off value so that the charge calculated by taking the difference between the total number of instantons and anti-instantons found on the configurations give the same topological susceptibility as the charge measured directly with the FP operator
On the 12 4 lattices at β = 6.0 a cut-off 0.035 per smearing steps gave identical susceptibility with the two methods and predicted the density of instantons to be 1.1 per fm 4 . The results on the other configurations were consistent with that but the error of < Q = (I − A) 2 > were too large to get a precise determination of the cut. However, the instanton density is much better measured, and we found that a cut of 0.035 gave consistently 1.1 per fm 4 density. Since the same cut-off value was found for SU(2) as well, in our analysis we used a cut-off 0.035, i.e. we kept only those instantons whose size in lattice units changed not faster than 0.035 per smearing step.
In their recent work Smith and Teper [11] also used APE smearing to smooth the configurations. They chose a smearing parameter c=0.86, almost twice of ours and smoothed the configurations 23 to 46 times. We do not have much experience about how the larger c parameter effects the instantons of the lattice. As a rough estimate one can consider the product √ N s c, where N s denotes the number of smearing steps, as a characteristic number of the amount of smearing. Using that quantity, Ref. [11] has 3-4 times more smearing than this calculation. Figure 9 . of [11] is a similar plot to our Figure 3 , showing the size distribution at β = 6.0 after 23, 28, 32 and 46 smoothing steps with c=0.86 APE parameter. There the change due to smearing is less pronounced than in our case, as the average instanton size changes from 0.49fm to 0.53fm. It is difficult to compare our numbers directly to those of Ref.
[11] since we used a different smearing parameter and we did not do the fine tuned filtering of [11] at this level. Nevertheless, it is clear that smoothing effects the instanton size distribution and it is not surprising that in Ref. [11] the observed distribution peaks at a larger ρ value. Our goal is to correct for the change in instanton size by extrapolating the results back to zero smearing steps.
Our final result for the instanton size distribution after extrapolation is shown in Figure 4 . We overlay the data obtained at β = 5.85 (diamonds), β = 6.0 (octagons), and β = 6.1 (squares). The data points for β = 6.0 is a combination of the results from both lattice sizes. The bin size is 0.06 fm and the distribution dN/dρ is measured in fm 4 . The second bin of each distribution starts at ρ = 1.6a. Because smearing cannot identify instantons below a certain size, the first bin in each distribution is unreliable.
The solid line is a fit to a two loop perturbative instanton distribution formula with a "regularized" log [14]
where
11 N c , and p and C are arbitrary parameters. One would expect Eqn. 2 to be valid if the instanton size distribution is regulated by quantum fluctuations. Our fit corresponds to p = 5.5, C = 5.5 and Λ inst = 0.71f m −1 . This Λ inst corresponds to ΛMS = 1.45Λ inst = 206MeV, considerably smaller than the value ΛMS = 270MeV obtained from recent string tension data. The implication of this discrepancy, if any, is not clear. After all, Eqn. 2 is only a phenomenological form, even if the instanton size distribution is regulated by quantum fluctuations, there is no proof that the logarithms should be regularized this way.
The main difference between the SU(3) distribution and the one we found for SU (2) [8, 9] is the lack of small instantons. For small instantons the instanton distribution can be described by the semiclassical dilute instanton model which predicts that dN dρ ∼ ρ b0 , therefore small instantons are indeed suppressed in SU(3) relative to SU (2) . That explains why the topological charge and the topological susceptibility are more stable under smoothing in SU(3).
The three different coupling values predict a consistent size distribution indicating scaling. The size distribution peaks at aroundρ = 0.3fm. This value is considerably smaller than the results of Ref. [10] . who found ρ peak = 0.6fm or the result of Ref. [11] who quoteρ = 0.5fm. The difference between our result and [11] is most likely due to our extrapolation to zero smearing step. Ref. [10] uses improved cooling as a smoothing method. We do not have direct comparison of the techniques. It would be interesting to monitor individual instantons under cooling and see if and how their sizes change. The phenomenological instanton liquid model predicts ρ peak = 0.28 − 0.33fm, depending on the Λ parameter used in the calculation [4, 14] . That value is consistent with our result.
Summary
Using the RG mapping method we calculated the topological susceptibility and the instanton size distribution for SU(3) gauge theory. This technique, developed originally for the SU(2) gauge model and based on different renormalization group methods, is a fast and simple smoothing algorithm. It consists of several APE smearing steps. What distinguishes it from similar methods is that only the minimal number of smearing steps are performed and the topological content of the configuration is continuously monitored. That makes it possible to Figure 4 : The size distribution of the instantons. The diamonds correspond to β = 5.85, octagons to β = 6.0, and squares to β = 6.1. The first bin of each distribution is contaminated by the cut-off. The solid curve is a three parameter fit to the separate vacuum fluctuations from true topological objects and to control the change in size of the instantons during the smearing process.
We found scaling for both the topological susceptibility and the instanton size distribution in the lattice spacing range of 0.12fm to 0.079fm. Our value for the topological susceptibility, χ 1/4 = 203(5)MeV is consistent with other recent calculation but our instanton size distribution predicts considerably smaller instantons. We attribute this discrepancy to the change of the size of topological objects, which we carefully monitor and remove. Our result for the instanton size distribution is consistent with the phenomenologically successful instanton liquid model prediction.
